We have investigated how memory effects on the teleportation of quantum Fisher information(QFI) for a single qubit system using a class of X-states as resources influenced by decoherence channels with memory, including amplitude damping, phase-damping and depolarizing channels. Resort to the definition of QFI, we first derive the explicit analytical results of teleportation of QFI with respect to weight parameter θ and phase parameter φ under the decoherence channels. Component percentages, the teleportation of QFI for a two-qubit entanglement system has also been addressed. The remarkable similarities and differences among these two situations are also analyzed in detail and some significant results are presented.
I. INTRODUCTION
Quantum teleportation firstly proposed by Bennett et al [1] , becomes one of the most fascinating protocols in quantum communication and quantum computation networks. With the help of priori quantum entanglement shared by the sender and receiver, teleporting an unknown quantum state from one partner to another without transferring the physical carrier of the state is feasible by performing local quantum operations and classical communication. In the past few decades, quantum teleportation has attracted considerable attentions and developed various approaches not only in theories but also in experiments [2] [3] [4] [5] [6] [7] [8] [9] [10] . Particularly, it has recently been realized over 1000-kilometer free-space channel quantum teleportation in the experiments [11] .
From the perspective of transmission information security, people however, pay more attention to the information of a particular parameter physically encoded in the teleported state rather than the whole quantum state itself in the realistic process. Transferring the whole quantum state directly without encoding is more susceptible to the effect of environmental noise, which leads to the occurrence of bit error codes so that the transformation information is distorted seriously. Meanwhile, the information teleportation that carried by a physical parameter makes ensure the reliability of communication and is not easy to eavesdrop. On the other hand, similarly to conventional quantum state teleportation where the quality of teleportation is quantified by fidelity, the teleportation of information of specific parameters encoded in quantum states can be quantified by quantum Fisher information (QFI) [12] which is the credibility of particular information teleportation, describing how accurate * guoxuyan2007@163.com † corresponding author:zk˙92@126.com ‡ corresponding author:pxchen@nudt.edu.cn a parameter encoded into the quantum state of the system is estimated. In fact, the idea of considering the QFI teleportation first appeared in the Ref. [13] where the authors used the QFI in characterizing the information flow of open quantum systems, and was subsequently generalized to investigate the dynamics of QFI under various noisy environments as well as QFI teleportation [14] [15] [16] [17] [18] [19] [20] .
As a further step along this line, we address how memory effects on the teleportation of QFI in quantum channels with memory. Different from the non-Markovian memory effects in open quantum systems theory where memory effects arise dynamically during the time evolution of quantum systems [21, 22] , quantum channels with memory are characterized by the existence of correlations between successive applications of the channel on a sequence of quantum systems in quantum information theory [23] [24] [25] [26] .
Based on the standard teleportation protocol proposed in Refs. [27, 28] , our work aims to concern only the transformation of information of specific parameters encoded in the quantum state but not the whole quantum state itself. By using the QFI definition, we have explored the teleportation of QFI for a class of X-states as resources under quantum channels with memory. We first derive the explicit analytical results of teleportation of QFI with respect to weight parameter θ and phase parameter φ suffering from decoherence. Our analytical results show that the precision of estimating parameters, are strongly determined by the parameters of initial state c i , teleported sate θ and φ, as well as noisy channels D and µ during the teleportation process. Meanwhile, we also consider the teleportation of a two-qubit entanglement sate subjected to decoherence, and compare the situations where the teleportation of QFI for a single-and two-qubit state are to teleport. The remarkable similarities and differences among these two situations under noisy channels are also analyzed in detail and some significant results are presented. The results show that memory effects can improve the precision of estimating parameters.
The layout is as follows: In Sec. II, we illustrate noise channels and teleportation protocol. In Sec. III, we devote to examining the QFI teleportation of a single qubit state in different types of noisy channels with memory. In Sec. IV, teleportation of QFI of a two-qubit state is investigated. Finally, we give the conclusion in Sec. V.
II. NOISE MODEL AND TELEPORTATION
Quantum channels model noise processes that occur in quantum systems due to the interaction with their environments [29] . Mathematically, quantum channel ε is a completely positive and trace preserving map of a quantum system from an initial state ρ to the final state ε(ρ) = i E i ρE † i , where E i = P i1...iN A i are the Kraus operators of the channel which satisfies the completeness relationship, and i P i1...iN = 1. P i1...iN can be interpreted as the probability that a random sequence of operations are applied to the sequence of N qubits transmitted through the channel. For a memoryless channel, where environmental correlation time is far smaller than the time between consecutive uses, so that at each channel use the environment back action can be negligible. Namely, the system undertakes the same quantum channel ε, in which independent noise acts on each use. Suppose N times uses of this channel, we have that ε N = ε ⊗N . The Kraus operations A i are independent, and P i1...iN = P i1 P i2 ...P iN . In real physical quantum transmission channels, however, it is common to have correlated noise acting on consecutive uses. These kinds of channels are called memory channels that can happen when environmental correlation time is much larger than the time between consecutive uses, so that the channel acts dependently on each channel input ε N = ε ⊗N and P i1...iN = P i1 P i2|i1 ...P iN |iN−1 , here P iN |iN−1 is the conditional probability of an operation. particularly, for two consecutive uses of a channel with partial memory, the Kraus operators are taken form as
where 0 ≤ µ ≤ 1 is the memory coefficient of channel. Physically the parameter µ is determined by the relaxation time of the channel when a qubit passes through it. Following, we consider the noisy channels with memory for two consecutive uses, including amplitude damping, phase damping and depolarizing channels (see Table I in Appendix A). For phase damping and depolarizing channels with uncorrelated case, the Kraus operators are taken forms as
for these channels with correlated noise with i, j, k = 0, 1, 2, 3. σ 0 = I is identity matrix and σ 1 (2, 3) are Pauli operators. However, for amplitude damping channel with correlated case, the Kraus operators can not be constructed in a similar manner. According to Ref. [26, 30] , the correlated operators E c k,k are determined by solving the correlated Lindblad equation. Mathematically, for any initial state ρ, the finial output state under these channels with memory in terms of the Kraus operator approach, is determined by
The above expression means that the same operation applied to both qubits with probability µ are correlated while with probability 1 − µ are uncorrelated.
Assume the initial state resource setting of the communication channel between the partners is prepared in the following two-qubit X-state
with 0
is corresponding to the maximal entangled states. Submitting Eq. (3) into Eq. (2), it is straightforward to obtain the output states for different noisy channels with memory, and have forms
In order to perform quantum teleportation protocol, we assume that the sender and the receiver shared a mixed state given in Eq. (4) as quantum channel resource, to teleport an arbitrary unknown qubit pure state |ψ A from one to the other, where |ψ A is taken form
with 0 ≤ θ ≤ π and 0 ≤ φ < 2π. In fact, teleportation protocol which is using a mixed state as quantum channel resource is tantamount to a noisy channel, has been proved in the standard teleportation protocol T 0 by Bowen and Bose [27] . According to their the results, an input state is destroyed and its replica (output) state appears at remote place after applying a local measurement and unitary transformation in the form of linear operators:
where |Ψ i Bell are the four maximally Bell entangled states:
To quantify the amount of teleported information, we are interested in the precision of estimating the parameters θ and φ which are encoded in the teleported state(or the input state) by means of QFI.
III. QFI TELEPORTATION
QFI as a crucial concept, has been extensively investigated in parameter estimation theory. The parameter estimation precision is bounded by the quantum Cramér-Rao inequality [12, 31] i.e., ∆φ ≥ 1/ nF φ , where n is the number of experiments and F φ denotes the QFI of the parameter φ. According to the symmetric logarithmic derivative operator L φ , the QFI of φ is defined as 
is corresponding to the pure state |Ψ . However, for any single qubit state ρ, that can be written the form as ρ = 1 2 (1 + r ·σ) in the Bloch sphere representation, where r = (r x , r y , r z ) is the real Bloch vector andσ = (σ 1 ,σ 2 ,σ 3 ) denotes the Pauli matrices. In terms of the Bloch sphere representation, (7) can be rewritten as [34] 
Having introduced the definition of QFI, it is straightforward to calculate the QFI of the input state with respect to θ and φ, F θ = 1 and F φ = sin 2 θ, respectively.
Obviously, the QFI with respect to θ (F θ ) is constant and independent of both parameters θ and φ, while the QFI with respect to φ (F φ ) is related to θ and symmetric with respect to θ = π/2. In particular, F φ has a maximum value 1 at θ = π/2.
In the following sections, we are motivated to discuss the precision of estimating parameters both θ and φ by means of QFI which are influenced by amplitude damping, phase damping and depolarizing channels with memory, respectively.
A. Amplitude damping channel with memory
Amplitude damping channel which is used to characterize spontaneous emission represents the dissipative interaction between the system and the environment. As described above, the partners shared the state (4) as a communication channel to teleport an unknown state from one to the other using the Bowen and Bose's protocol. Combination Eqs. (2) with (6), the teleported final state by means of its Bloch vector
2 (1−µ). Using Eq. (8), the teleported QFI with respect to θ
and the teleported QFI with respect to φ
From the above equations, one can find that the teleportation of QFI F θ (F φ ) are determined by the initial parameters c i , teleported sate parameters θ and φ, as well as noisy channel parameters D and µ during the teleportation process. Obviously, for any of maximal Bell entangled states as quantum resources(e.g. |c 1 | = |c 2 | = |c 3 | = 1) subjected to decoherence, the QFI of the teleportted state with respect to θ and φ, reduce to F θ = 1 and F φ = sin 2 θ in the limit µ → 1, respectively.
In order to estimate the parameters as precisely as possible, one should maximize the QFI. For any given input state |ψ A with 0 ≤ θ ≤ π, and 0 ≤ φ < 2π, the optimal QFI with respect to θ satisfies the necessary and insufficient conditions ∂F θ ∂θ | θi ≡ 0, and (θ i = 0, π 2 , π),
. We are interested in estimating parameter θ i = 0, π 2 , π where the maximum of F θ may be located at. (i) for both θ = 0 and θ = π, one can easily find that
2 φ, which are related to φ. However, for a class of special initial states' parameters, e.g., 
. On the other hand, it is worthy pointing out that, if one estimates parameter at θ = 0 or π, corresponding to where the teleportation state is |ψ = |0 or |ψ = e iφ |1 , which only carries classical information. However, if one estimates parameter at θ = π/2, corresponding to where the input state (or the teleportation state) is |ψ = 1 √ 2 (|0 + e iφ |1 ), which carries quantum information.
Similarly, the possible optimal estimation φ (F φ ) can also be obtained from the conditions where F φ has a maximum or minimum value. By inserting φ j into Eq. (11), one can find that
2 sin 2 θ, while
2 sin 2 θ which are related to θ. However, for θ = 0 or π, F φ = 0 is independent of φ and has a minimum value, while for θ = π/2, F φ | θ=π/2 has the optimal parameter estimation. Especially, for a class of special initial states' parameters, e.g.,
B. Phase-damping channel with memory
Phase damping channel which is an unital channel describes a quantum noise with loss of quantum phase information but not loss of energy. The Kraus operators for quantum dephasing channel with memory are given in Table I , where P 0 = 1 − D, P 3 = D. Submitting Eq. (2) into (6), one gets the final teleported state whose three Bloch vector components are r x = ∆c 1 cos φ sin θ r y = ∆c 2 sin φ sin θ r z = −c 3 cos θ (12)
Using Eq. (8), the teleported QFI with respect to θ is
which also depends on the initial parameters c i , input sate parameters θ and φ, se well as noisy channel parameters D and µ. To acquire a high parameter estimation precision, similar to the previous analysis, F θ has extremum values satisfying the conditions 
in the degree of memory above which F θ has optimal parameter estimation precision at θ = π 2 . Below the threshold F θ has optimal parameter estimation precision at θ = 0 or π. In other words, the teleported state with θ = π/2, corresponding to |ψ = 1 √ 2 (|0 +e iφ |1 ) carrying quantum information is higher parameter estimation precision than the one θ = 0 or π, corresponding to |ψ = |0 or |ψ = e iφ |1 carrying classical information strongly depends on the threshold value.
Next, we analytically evaluate QFI with respect to φ under the phase-damping noise. In this case, F φ is given by
In a similar fashion, we focus on following cases:
F φ | θ=π = 0 regardless of φ has a minimum value, while for θ = π/2, F φ | θ=π/2 has the optimal parameter estimation. Especially, for a class of special initial states' parameters, e.g.,
2 is independent of φ and has a maximum value.
C. Depolarizing channel with memory
Depolarizing channel is a Pauli channel with particularly nice symmetry properties and the Kraus operators in the presence of memory are given in Table I , where P 0 = 1 − D, P 1 = P 2 = P 3 = D/3. According to Eqs. (2) and (6), the corresponding three Bloch vector compo-nents of the teleported state are
Similarly, the analytic expression of QFI with respect to θ is obtained
A similar analysis is valid for depolarizing channel, F θ has the local maximal or minimal value, if only if
is not depended on φ, while for both θ = 0 and π, Eq. (16) reduces to
. However, different from the above decoherence channels, F θ has optimal parameter estimation precision at θ = Following, F φ suffering from depolarizing channel can be calculated
As we expect,
2 , and
. However, for θ = 0 or π, F φ = 0. Besides, for a class initial states as resources satisfied condition
2 has a maximum value regardless of φ.
IV. ENTANGLEMENT TELEPORTATION
Next we extend to the teleportation of QFI for a twoqubit case in the presence of memory effect, and focus on how the decoherence channels with memory affect teleportation of information of specific parameters encoded in quantum state. It has been proved theoretically that, teleportation of an unknown two-qubit state through two independent and equally entangled, noisy quantum channels is equivalent to a generalized depolarizing channel with probabilities given by the maximally entangled components of the resource by Lee and Kim [35] . In fact, their protocol can be performed by doubling protocol T 0 . Therefore, we use two copies of the two-qubit state ε(ρ) shared between the sender and receiver as quantum channel to teleport another two-qubit state |ψ AB , namely,
We here, consider a two-qubit entangled state |ψ AB = cos θ 2 |00 + e iφ sin θ 2 |11 with (0 ≤ θ ≤ π, 0 ≤ φ < 2π) as the teleported state in the process of teleportation. It is not difficult found that, the QFI of two qubits state |ψ AB with respect to θ and φ before teleportation, is equivalent to those of single qubit state |ψ A : F θ = 1 and F φ = sin 2 θ, respectively. Using Eq. (18), the QFIs of the teleported state can be obtained exactly by Eq (7). In the following, we carry out a numerical study the initial state ρ = |Ψ ± Ψ ± |, with
(|01 ± |10 ) as resources, namely, c 1 = c 2 = ±1 and c 3 = −1. We are interested to investigate the precision of estimating the parameters θ and φ which are encoded in the quantum resources teleportation state.
In order to make results comparable, we have plotted the results of QFI teleportation for both single-and two-qubit case in both Figs.(1) and (2) . It is clearly shown that the QFI teleportation of |ψ A and |ψ AB display the same behaviors. Fig.(1) is shown the QFI for teleported states |ψ A and |ψ AB with respect to θ as functions of D and µ under different decoherence channels. From this graph, several distinct features can be found with the increasing D and µ. First, the QFI has the minimal value at D = c3
for −1 ≤ c 3 ≤ 0 under amplitude damping channel. Second, the QFI is constant and not affected by the phase damping channel noise. Third, the behavior of QFI monotonously decays with D increasing but progressively increases with µ increasing under the depolarizing channel. Finally, the amount of QFI teleportation of |ψ A is larger than or equal to that of |ψ AB with respect to θ. On the other hand, Fig.(2) is shown the QFI for teleported states |ψ A and |ψ AB with respect to φ as functions of D and µ under different decoherence channels. As we can see, the same behaviors of QFI display. At the same time, increasing the degree of channels memory µ leads to improve the precision of estimating phase parameter φ. However, contrary to the precision of estimating weight parameter, the amount of QFI teleportation of |ψ A with respect to φ is smaller than that of |ψ AB .
V. CONCLUSION
In summary, we have explored the teleportation of QFI for a class of X-states as resources under quantum channels with memory. We concern only the transformation of information of specifc parameter of the quantum state. Resort to the QFI definition, the explicit analytical results for the estimation precision of an unknown parameters θ and φ under three different decoherence channels are obtained. We find that the precision of estimating weight parameter θ and the precision of estimating phase parameter φ, are determined by the initial parameters c i , input sate parameters θ and φ, as well as noisy channel parameters D and µ during the teleportation process. Meanwhile, the teleportation of a two-qubit system has also been considered. Taking Bell entanglement states as resources as example, we compare both the situations where the teleportation of QFI for single-and two-qubit states to teleport. The remarkable similarities and differences among these two situations under noisy channels are also analyzed in detail and some significant results are presented. We show that memory effects can be improved the precision of estimating parameters.
We should finally mention that even though we have examined a particular X-state as resource, which shares between partners under the consecutive uses of quantum channels, and also considered a specific type of Bell entanglement teleportation, our treatment can be easily applied to study more general scenarios in a straightforward way. 
